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Calculation of Molecular Weight for Polymers
Produced in Continuous-Flow Stirred Reactors

CHARLES COZEWITH, Esso Research and Engineering Co.,
Florham Park, New Jersey 07932

Synopsis

For addition polymers produced in continuous flow stirred tank reactors, a method
is described for deriving equations for the degree of polymerization directly from the
equations for the polymerization kinetics. Through use of this technique, relation-
ships are obtained for calculating the number and weight average degree of polymer-
ization in both homo- and copolymerization.

INTRODUCTION

Several investigators’— have solved the kinetic equations for addition
polymerization in a continuous-flow stirred tank reactor (CFSTR) to
obtain expressions for the polymer size distribution as a function of reactor
operating conditions. Such relationships are extremely important if we
wish to control the polymer properties; however, in many cases a polymer
can be adequately characterized by its number-average and weight-
average degree of polymerization, and it is not necessary to know the
details of the size distribution. Only the leading moments of the distri-
bution must be determined since DP, and DP,, are given by

DP, = M/M, 1)
DP, = M,/M, 2)

in which M, is the nth moment of the size distribution as defined by the
equation

M,= 3 "N;
i=1

The moments can, of course, be obtained from expressions for the size
distribution or by the use of moment-generating functions.*> However,
if they are evaluated directly from the polymerization kinetic equations,
DP,, and DP,, for a CFSTR can be determined with relative ease. Al-
though this technique has been previously employed (see, for example,
refs. 6 and 7), to our knowledge the moment equations for the general case
of addition polymerization in a CFSTR have not appeared in the litera-
ture. The purpose of this communication is to present relationships
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from which the moments, DP., and DP,, may be calculated and to illus-
trate the derivation of these quantities from the reactor material balances.

CALCULATION OF THE DEGREE OF POLYMERIZATION
IN HOMOPOLYMERIZATION

For a polymerization according to the mechanism

k;

A+ Pi— Pip
ke
P;—R:
ka
P + P, R; + Rr
E

P:‘ + Pr ‘—; Ri+r

in which the growing polymer chains can terminate spontaneously, by
disproportionation or by combination, a material balance yields the fol-
lowing equations for the concentration of P; and R; in the reactor outlet
when there is no polymer in the reactor feed:

P; = [k,APiy — kAP; — Pi(ko + (k. + k)P)]O 22 (3)

k,i—1
R:= (kaPi + kPP + — X PJ‘Pi—J‘) o 122 (4)

2 j=1

where P, = 3. P:.. In order to evaluate the moments, the sums > ¢*P;
i==1 4=]

and ¥ 7"R; must be determined.
=D

Multiplication of eq. (3) by ¢* and summation over the values of 7
from 2 to « gives

(a+8) T iP; = B 3 4Py _y 5)
i=2 i=a
where
=13+ [k + (k; + ka)P:] 0
8 =k,A®.
If we define
P, = 3 iP;
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and make use of the relationships

i Pi—l = Pt

=2

iiPi—l=Pt+Pm

=2

Y #P,_, = P, + 2P, + P.,

=2
then eq. (5) can be evaluated at n equal to 0, 1, and 2 to give
(a + B)Pl

«

BP.+ (a + B)P,
Pm = (6)

«

_ (P +2P.) + (a + B)Py

o

t

w

By manipulation of the above three equations, P,, and P,, can be expressed
in terms of Py by the relationships

B (@ + 8)°Py

Py =———— @)
2 a)lo 2P],
Pw=(ﬁ+ )(3+B) ®

Multiplication of eq. (4) by 7* and summation over the values of 7 from
2 to « yields

o 0 ] -1
2i"Ri=v 2P +8 X i» 3 PPy 9
=2 =2 =2 =1
where
v = (ke + ksPr) O
k.6
-
If we define
R, = ¥ R
=2
Rn = 3 R,
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and make use of the relationships

i El PP,._; = ( f Pi)2

i=2 fml i==l

It

ST PP =2 ( > z'P,-)( ) P,.)

=2 F=] i=1 i=1

then eq. (9) can be evaluated at n equal to 0, 1, and 2 to yield

It

0 i—1
2 22 PPy
£ 1

=2

Rt = ‘Y(Pg - Pl) + 5P¢2 (10)
Rm = 'Y(Pm - Pl) + 26PmPt (11)
R, = vy, — Pu) + 26(P,P, + P.,2). (12)

Except in the case of low molecular weight polymers, the concentration
of P, can be neglected in comparison to the sum

>, Py,

i=1

and use of egs. (10) to (12) to obtain expressions for the moments gives

My=P.(1Q+7v) + 3(P.)?, (13)
Ml = Pm(]- + 'Y) + 28Pth (14)
M: = P,(1 + v) + 20[P,P; + (P,)2]. (15)

Finally, substitution of eqs. (6) to (8) and (13) to (15) into eqgs. (1) and
(2) gives us the desired results

B+ all 442+ B)Pyd]

a [1+ v+ 3«+B)Pi/a]

op 23 + a[1 + v + 23(« + B)P1(388 + 2a)/2(28 + o)] an
Y« [1 + v + 25(a + B)Pi/a]

from which the weight-average and number-average degrees of polymeri-

zation of polymers made in a CFSTR can be obtained. In order to use

these equations, P, P;, and A must be known, and these concentrations

can easily be calculated by simultaneous solution of the material balances:

A — A = k,AP#
P, = {I, — [k.P: + (k. + ka)P2]}0
Py = {I, — Pi[k,A + ks + (ke + ka)P.}0.

Depending on the mechanism of the chain initiation process, additional
material balances may be required to express the initiation rate, I,, in
terms of known parameters.

DP, (16)
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If chain termination or transfer occurs with monomer or solvent, egs.
(16) and (17) retain the same form ; however, & and v must be redefined
and the material balance equations expanded to account for the addi-
tional reactions.

When polymerizing to high molecular weights, the rate of termination
is much smaller than the rate of propagation, and egs. (16) and (17) can
be considerably simplified by neglecting « in comparison to 8. This
procedure gives the results

8L+ v + 208Py/a)
" a (1+ v + 86Py/a)
26 (1+ v + 358P1/a)
"o (1+ v + 206P1/a)

The ratio DP,/DP, is often used as a measure of the breadth of the molec-
ular weight distribution, and for high molecular weight polymers this
ratio is given by

bp, B 2(1 4+ v + 388P1/a)(1 + v + 36P1/e)
DP, (1 + v + 286P1/a)?

As first shown by Denbigh,! if no combination termination occurs, § equals
zero and eq. (18) becomes

DpP,

DP,

(18)

DP,
= 2.
DpP,

Thus, in this case the breadth of the molecular weight distribution is
independent of the reactor operating conditions.

On the other hand, if only combination termination occurs, v equals
zero and

DP,  2(1 + 358P1/a) (1 + 86P1/a) 0
DP, (1 + 268P1/a)? N

For the familiar case of free-radical polymerization in which chain life
times are short and R; >> P;, 68P1/a>> 1 and eq. (19) reduces to

DP,
= 1.5.
DP,

CALCULATION OF THE DEGREE OF POLYMERIZATION
IN COPOLYMERIZATION

As a final example of this technique we will derive equations for the
number-average and weight-average degree of polymerization of copoly-
mers for the copolymerization mechanism ;
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ku

A+P,—>Py,
A+ Qsi:l’m
B4+ Pi‘lﬁ:Qiﬂ
B+ Qiiz: Qi1
vP;ERi

ko2

Q,‘ - S,‘.

Material balances yield the following equations for the concentration
of living and dead chains in the reactor outlet when there is no polymer
in the feed:

P; = (k1PiciA + k21QiiA — kuPA — k1P B — £aP.)6
Qi = (k22Qi—1B + k1P 1B — £2:Q:B — k21Q:A — %.0Q0)0
R: = k.P#

S; = k.2Qib.

Multiplication of these equations by i* followed by summation over the
values of 7 from 2 to « gives

(@ — ) 22 iP; + ay ,-é i*Q; + asby + asca = 0 20)
(6= a) Qi +as & iPiason Faha =0 (@)
?2 i*R; = kad é P, 22)
é S5 = ko é S 23)

where

a; =1+ (kuA + k1B + kal)o

as = kaAf
a3 = kuAf
ar =1+ (kaA + k2B 4 k.2)6
as = k1.B6

ag = kng()
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and the values of b, and ¢, depend upon the value of » as indicated below:

n = ] 0 1 2

by = Q 2+ > Q AU+ Y Q423 iQ
=2 Fw=2 =2

Cn = P, 2P, + 3 P, AP, + 3 P + 23 iP;
=2 =9 =2

Elimination of ) ¢"Q; between eqs. (20) and (21) gives

=2

®© [aa(as - a4) - a2a5]cn - a4a2bn
> P = (24)
=2 (as — as) (a1 — as) + asa;

and, by rearrangement of eq. (20), we get

o0 1 -]
2 Q; = _[(al — a3) X 1"P; — ash, — aacnjl. (25)

i=2 as i=2

The sums necessary to evaluate the moments from the equation

M, =2 uP;: + X2 Q.+ X i"Ri+ 3 ¢*8;
i=1 i=1 =2 =2
can now be obtained by solving eqs. (24), (25), (22), and (23) in succes-
sion with values of n equal to 0, 1, and 2.
These calculations can be considerably simplified at high copolymer
molecular weights, since for this case

P >Y P> Pi>h

i=1 i=1 i=1

TEQ> T Q> Y Q> Q
=1 4=l =1
and the propagation constants ki1, ka1, ke, and ki, are much greater than
the termination constants k.: and k... Also, the rate at which P; is lost
by reaction will be much larger than the rate at which it exits from the
reactor. By use of these inequalities, eq. (25) reduces to
@ k1B =
> Q= —— % iP;

i=2 k21A i=2

and the equation for the moments becomes
© as
M, =73 i"P;[(l + ko) + —(1 + ksZO):I.
i=2 oy

Thus, DP, and DP, are given by
DP, = P./P, (26)
DP, = P,/Pn 27
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The expressions for b, and ¢, when % is equal to 1 and 2 can also be sim-
plified to the following:

n = | 1 2
b, = asP:/az 205P /02
Cn = P, 2P,
so that eq. (24) yields
P, = 1P, (28)
P, = 2rP, (29)

where

aa(as - (14) — Q205 — (sQs

(as — ag) (a1 — a3) + 0205‘

Substitution of eqs. (28) and (29) into eqs. (26) and (27) yields the final
results

DP,=r
DP, = 2r

and the ratio DP,/DP, again equals 2, as it did for the case of homo-
polymerization with no termination by combination.

In order to evaluate the parameter r, the monomer concentrations in
the reactor outlet must be computed by solution of the material balance
equations

A® — A = (kuP.A + k:Q.A)0
B° — B = (k22Q:B + k1.P,B)d
= (Ip + kaQ.A — k1P B — k.P))
= (I4+ k12P:B — knQA — k.2Q)).

P
Q

o~

-

CONCLUSIONS

Determination of the moments of the size distribution of addition
polymers made in a CFSTR leads to relatively simple equations for the
polymer’s number-average and weight-average molecular weight as a
function of the reactor operating conditions. These results are exact,
and no simplifying assumptions need to be made in their derivation.
Also, even for very complex polymerization systems, the determination
of DP, and DP, from the moments involves only the successive solution
of algebraic equations, and the cumbersome calculations often necessary
to evaluate the degree of polymerization from expressions for the size
_distribution are avoided.
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Nomenclature

monomer A and its concentration

monomer B and its concentration
number-average degree of polymerization
weight-average degree of polymerization

rate of initiation of polymer chains P;

rate of initiation of polymer chains Q;

number of monomer units in a polymer chain
rate constant for combination termination

rate constant for disproportionation termination

rate constants for propagation

rate constant for spontaneous termination

nth moment of the polymer size distribution

concentration of all polymer chains ¢ monomer units long
living polymer chains 7 monomer units long ending in mono-
mers A and B, respectively, and their concentrations

dead polymer chains ¢ monomer units long ending in mono-
mers A and B respectively, and their concentrations
residence time in a stirred reactor
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